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Abstract
A bottleneck in a dendroid is a continuum that intersects every arc connecting two nonempty open sets. Every dendroid contains
a point called a center which is contained in arbitrarily small bottlenecks. A subset A of a dendroid is a shore set if for every ε > 0
there is a continuum in D \A with Hausdorff distance from D less than ε. If a shore set has only one point it is called a shore point.
This paper explores the relationship between center points and shore points in a dendroid. We show that if a dendroid contains a
strong center, then any finite union of the arc components of the set of shore points is a shore set.
© 2007 Elsevier B.V. All rights reserved.
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1. Introduction
A dendroid is an hereditarily unicoherent arc connected continuum. A subcontinuum of a dendroid is a bottleneck
if it intersects every arc connecting two nonempty open sets in the dendroid. Piotr Minc proved that every dendroid
contains a point, called a center of the dendroid, that is contained in arbitrarily small bottlenecks [3, Theorem 3.6].
If the point is itself a bottleneck then that point is called a strong center. In [1] it is shown that the set of centers of a
dendroid is arc connected, and that all of the points in an arc between two centers are strong centers. A point x in a
dendroid D is a shore point if there are continua in D \ {x} arbitrarily close to D in the Hausdorff metric [5, p. 53].
Shore points have been used by Luis Montejano-Peimbert and Isabel Puga-Espinosa in [4] to study the hyperspace
structure of dendroids. We show that the set of shore points and the set of strong centers are mutually exclusive sets
whose union is the entire dendroid or the entire dendroid less one point. This relationship between shore points and
centers is exploited to show that if the dendroid contains a nonshore point, then a finite union of the arc components
of the set of shore points is a shore set.
Precise definitions of centers, shore points and strong centers are provided in the glossary at the end of the paper.
For a dendroid D we will use S(D), SC(D), and C(D) to refer to the set of shore points, strong centers, and centers,
respectively. If A is a subset of a dendroid, and x a point in the dendroid, then define Qx(A) = {z ∈ D | xz ∩ A = ∅}.
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The following lemmas will be used in this paper. The first and third are Lemmas 4 and 6 of [1]. The second is a
restatement in terms of Qx(y) of [2, Theorem 2, p. 486].
Lemma 1. If x is a center of a dendroid D, and y ∈ D \ {x} such that Qx(y) has nonempty interior, then y is a strong
center of D.
Lemma 2. If a and b are two points of a dendroid D, then int(Qa(b) ∩ Qb(a)) = ∅.
Lemma 3. If x is a point in a dendroid D, and K is an arc component of D \ {x} that does not contain a center of D,
then K is the countable union of closed sets, each with empty interior.
Lemma 4. If A is a subset of a dendroid D such that D \ A is arc connected, then A is a shore set if and only if
int(A) = ∅.
Proof. Note that it follows immediately from the definition of shore set that the interior of a shore set is empty.
Suppose D \ A is arc connected, and int(A) = ∅. Let x be an element of D \ A, let ε be a positive number, and let
{U1,U2, . . . ,Un} be a finite open ε-cover of D. For each i let zi be a point in Ui \ A. The union of the arcs xzi is a
continuum in D \ A with distance to D less than ε. 
Theorem 1. Let D be a dendroid. Then
(a) SC(D) ⊆ D \ S(D), and
(b) either D \ S(D) is a single point which is the only center of D, or SC(D) = D \ S(D).
Proof. If p is a strong center in the dendroid D with basins U and V , then there is an ε > 0 such that any subcontin-
uum of D that is within ε of D must intersect both U and V , and therefore must contain p. So p is not a shore point.
Therefore SC(D) ⊂ (D \ S(D)).
Suppose D \S(D) contains more than one point. By [3, Theorem 3.6], there is a point y ∈ D \S(D) and a center x
of D not equal to y. Since Qx(y) contains y, and y is not a shore point, Qx(y) is not a shore set. Also D \Qx(y) is the
arc component of D \ {y} containing x. So D \Qx(y) is arc connected. So Qx(y) has nonempty interior by Lemma 4.
Therefore, y ∈ SC(D) by Lemma 1. Also note that every point of xy \ {x, y} is a strong center by [1, Theorem 2].
Since there is more than one center in D it follows that for each point y ∈ D \ S(D) there is a center x not equal to y.
Thus D \ S(D) ⊂ SC(D).
Now suppose y is the only point in D \ S(D). Then y is the only center of D since D must have a center and, by
the previous argument, if there is a center x not equal to y then every point of xy \ {x, y} is in D \ S(D). 
Example 1. We construct a dendroid with a point that is neither a shore point nor a strong center. Theorem 1 implies
that this dendroid must have only one center, and the point that is neither a shore point nor a strong center must be
that only center.
Let C be a cantor set embedded in the subset [0,1] × {1} of the plane as the usual excluded middle third set. That
is, C is the intersection of closed sets K1,K2, . . . where K1 = ([0, 13 ] ∪ [ 23 ,1])× {1}, K2 = ([0, 19 ] ∪ [ 29 , 13 ] ∪ [ 23 , 79 ] ∪
[ 89 ,1]) × {1} and in general Ki = (
⋃j=2i
j=1 Iij ) × {1} where Iij is a closed interval of length 1/3j .
Let F be the union of straightline segments from each point of C to the point x = ( 12 ,0). Then F is a dendroid also
known as the cantor fan. Let A= {{ai, bi}}i=∞i=1 be a pairwise disjoint collection of pairs of points in C such that for
each j and for each k and l with 1 k < l  2j there is an i such that ai ∈ Ijk and bi ∈ Ijl . Let B = {{Ai,Bi}}i=∞i=1
where Ai and Bi are the arc components of F \ {x} containing ai and bi , respectively. Then it is an easy exercise to
show that if U and V are open sets in F \ {x}, there is an n such that (An ∪ Bn) ∩ U = ∅ and (An ∪ Bn) ∩ V = ∅.
Let f be a continuous function on F such that for each i each point (a, s) of Ai is identified by f with the point
(b, s) of Bi if s  1 , and otherwise f is 1-to-1.i
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some component of g−1(K) maps by g onto K . But no arc component of f (F ) \ {f (x)} contains a nonempty open
set. So, if K is a continuum in f (F ) with int(K) = ∅, then f (x) ∈ K . It follows that for each y in f −1(K), f −1(K)
contains the arc in F from y to x. So f −1(K) is connected. So, f is weakly monotone, and by [7, Theorem 7.31,
p. 67] f (F ) is a dendroid.
Since the preimage of each point in f (K) is finite and x is the only center of F , according to [1, Theorem 7],
f (x) is the only center of f (F ). To see that f (x) is not a strong center of f (F ), note that if U and V are open sets in
f (F )\f (x) then there is an i such that (Ai ∪Bi)∩f −1(U) = ∅ and (Ai ∪Bi)∩f −1(V ) = ∅. But f (Ai ∪Bi)\{f (x)}
is arc connected. So f (Ai ∪ Bi) \ {f (x)} contains an arc that intersects U and V .
Finally to see that f (x) is not a shore point, first note that the restriction of f to F × ( 12 ,1] is a homeomorphism.
Let U , V , and W be open sets in F × ( 12 ,1] such that no arc component of F \ {x} intersects more than one of U , V ,
and W . Therefore, no arc component of f (F ) intersects more than two of the open sets f (U), f (V ), and f (W). But
if f (x) were a shore point then there must be a continuum in f (F ) \ {f (x)} that intersects all three.
3. Shore sets
Alejandro Illanes has shown, [2, Theorem 3, p. 489] that a finite union of pairwise disjoint shore subcontinua is a
shore set. This result will be strengthened in this section. In addition, it will be shown that a finite union of the arc
components of the set of shore points of a dendroid is a shore set. Also, in the case that the dendroid has only one
center it is shown that a countable union of the arc components of the set of shore points is a shore set. The question
remains whether in general a countable union of arc components of the set of shore points is a shore set.
Lemma 5. If y is a point in a dendroid D, and C is an arc component of D \ {y}, and int(C) = ∅, then C is a shore
set.
Proof. Since D \ C is arc connected, the lemma follows from Lemma 4. 
Theorem 2. If x is the only center of a dendroid D, then any set that is the union of countably many arc components
of D \ {x} is a shore set.
Proof. Suppose x is the only center of the dendroid D, and A is the union of countably many arc components of
D \ {x}. According to Lemma 3, each component of D \ {x} is the countable union of closed sets with empty interior.
Since D is a Baire space, int(A) = ∅ by the Baire Category Theorem [6, p. 294]. Clearly D \ A is arc connected, so
by Lemma 4, A is a shore set. 
Montejano-Peimbert and Puga-Espinosa have observed [4, p. 46] that if for every ε a dendroid D contains two
disjoint continua within ε of D, then every point of D is a shore point. They also show that the converse is true if
the dendroid is smooth [4, Theorem 1.7, p. 47]. However, it follows immediately from the previous theorem that the
smoothness is not required.
Theorem 3. In a dendroid D the following are equivalent:
(i) Every point of D is a shore point.
(ii) For every ε > 0 there is a shore subcontinuum of D with distance from D less than ε.
(iii) For every ε > 0 there are two disjoint subcontinua of D each with distance from D less than ε.
Proof. If every point of a dendroid D is a shore point, then D does not contain a strong center according Theorem 1.
So, by [1, Theorem 2 and Lemma 3], there is a point x in D such that x is the only center in D. Since x is also a
shore point, for every ε > 0 there is a subcontinuum of D \ {x} with distance from D less than ε. But, since that
subcontinuum is contained in a single arc-component of D \ {x}, it is a shore set by Theorem 2. Thus, (i) implies (ii).
That (ii) implies (iii) and (iii) implies (i) are immediate from the definitions. 
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points of a dendroid is a shore set.
Lemma 6. If {X1,X2, . . . ,Xn} is a finite collection of sets in a topological space such that the interior of each Xi is
empty, and for i = j the interior of Xi ∩ Xj is empty, then the interior of X1 ∪ X2 ∪ · · · ∪ Xn is empty.
Proof. It is elementary to show that if A and B are sets in a topological space such that int(A) = ∅ and int(B) = ∅,
then int(A ∪ B) ⊂ int(A ∩ B). It follows that the lemma is true for the case n = 2.
Along with the assumptions of the lemma for {X1,X2, . . . ,Xn} assume also that X1 ∪ X2 ∪ · · · ∪ Xr has empty
interior when r < n. Note that X1 ∪ X2 ∪ · · · ∪ Xr ∩ Xr+1 = (X1 ∩ Xr+1) ∪ (X2 ∩ Xr+1) ∪ · · · ∪ (Xr ∩ Xr+1) which
is a finite union of closed sets with empty interior, and therefore has empty interior. It follows from the same argument
used in the n = 2 case with A = X1 ∪X2 ∪ · · · ∪Xr and B = Xr+1 that the interior of A∪B = X1 ∪X2 ∪ · · · ∪Xr+1
is empty. By induction the lemma is true for all n. 
If A is an arc connected set in a dendroid D, and x is a point in D \ A, and a and a′ are points in A, then the sets
xa \ A and xa′ \ A are arc connected and nested, due to the unicoherence of D. Therefore, there is a unique arc xa,
that is maximal with respect to being contained in every arc from x to a point in A. We will call this arc the irreducible
arc from x to A even if a is not in A. Note that it is possible that the irreducible arc is just x.
Lemma 7. If D is a dendroid, A is the union of a collection of arc components of S(D), and D \ A = ∅, then D \ A
is arc connected.
Proof. Suppose D is a dendroid, A is the union of a collection of arc components of S(D), and A = D. The set of
strong centers is arc connected [1, Theorem 1]. By Theorem 1, D \S(D) is either a single point or the set of all strong
centers in D. In either case the union of D \ S(D) with the arc components of S(D) not in A is arc connected. 
Theorem 4. If D is a dendroid that contains a strong center, and A is the union of a finite number of arc components
of S(D), then A is a shore set.
Proof. Suppose D is a dendroid with a strong center x, and A = A1 ∪ A2 ∪ · · · ∪ An where each Ai is an arc
component of S(D). It follows from Theorem 1 that x is not in S(D). For each i let xai be the irreducible arc
from x to Ai as discussed above. Let {b1, b2, . . . , br} = {a1, a2, . . . , an} with bi = bj for i = j . For each i  r let
Xi =⋃{Aj | aj = bi}.
If bj = ai and ai ∈ Aj then there is only one bj = ai . So Xj = Ai . Also, since ai is a shore point, ai is not a
strong center by Theorem 1, and therefore, by Lemma 1, Qx(ai) has empty interior. But, since Ai is arc connected,
Qx(ai) = Qx(Ai). So int(Qx(Ai)) = ∅ and D \Qx(Ai) is clearly arc connected. So, by Lemma 4, Qx(Ai) is a shore
set. So Qx(Ai) = Ai = Xj . Note that this implies also that int(Xi) = ∅.
If ai is not in Ai , then Ai is contained in one arc component, C, of D \ {ai}. The center x is not in C since the arc
xai does not intersect Ai . If y is a center then every point of xy \ {x, y} is a strong center by [1, Theorem 2]. If y ∈ C
then (xy \ {x, y})∩Ai = ∅. So no point of C is a center, and thus, by Lemma 3, C is a countable union of closed sets,
each with empty interior. Since D is a Baire space, C has empty interior by the Baire Category Theorem. Since D \C
is arc connected, C is a shore set by Lemma 4, and therefore C = Ai . But if bj = ai , then the set Xj is a finite union
of arc components of D \ {ai} each of which is a countable union of closed sets with empty interior. Therefore, since
D is a Baire space, int(Xj ) = ∅ by the Baire Category Theorem.
We have shown that in all cases int(Xj ) = ∅.
Since for each i, Xi \ {bi} is a union of arc components of D \ {bi}, Xi ∪ {bi} is arc connected. So, if i = j ,
(Xi ∪ {bi}) ∩ (Xj ∪ {bj }) = ∅, and it follows that every arc from Xi ∪ {bi} to Xj ∪ {bj } contains bi and bj . Thus, for
i = j , Xi ⊆ Qbj (bi). So by Lemma 2, int(Xi ∩ Xj) = ∅.
So by Lemma 6, A =⋃Xi has empty interior. It follows from Lemmas 7 and 4 that A is a shore set. 
As mentioned above Illanes has shown that a finite union of pairwise disjoint shore subcontinua is a shore set.
Theorem 4 above can be used to eliminate the pairwise disjoint requirement in the case that D = S(D). Illanes also
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dendroid must have every point a shore point. From Theorem 1 we see that this implies that the dendroid cannot have
a strong center, which implies the dendroid must have only one center. In the lemma below it is shown that this only
center must be contained in both shore subcontinua in order for their union not to be a shore set.
Lemma 8. If A and B are shore subcontinua of a dendroid D, and there is a center of D not contained in A∩B , then
A ∪ B is a shore set.
Proof. Assume A and B are shore subcontinua of a dendroid D, and there is a center x of D not contained in A∩B .
If x is not in A ∪ B . Either D has more than one center or x is the only center. If D has more than one center then
D has a strong center by [1, Theorem 2], and therefore S(D) = D. Thus A ∪ B is a shore set by Theorem 4, since
A∪B is contained a shore set, namely the union of at most two single arc components of S(D). If x is an only center
of D, then A ∪ B is a shore set by Theorem 2.
So assume x ∈ A \ B . If A ∩ B = ∅, then A ∪ B is a shore set by [2, Theorem 3, p. 489]. So assume A ∩ B = ∅.
Therefore, A has nonempty intersection with the arc component of D \ {x} that contains B . Let b ∈ B such that
B ⊂ Qx(b). Thus bx ∩ (A \ {x}) = ∅. Let z ∈ bx ∩ (A \ {x}). Let δ = d(z, x). Let Cδ/2 be a bottleneck containing x
with diameter less than δ/2 and with basins U and V . Let ε be a positive number such that if K is a continuum with
Hausdorff distance to D less than ε, then K ∩ U = ∅ and K ∩ V = ∅, and therefore K ∩ Cδ/2 = ∅. Now, since A is a
shore set, there is a continuum K in D \ A that is within ε of D. Suppose K ∩ B = ∅. Then K ∪ Cδ/2 contains an arc
from B to x, and therefore K ∪ Cδ/2 contains bx. But, then z ∈ K ∪ Cδ/2. But, since d(z, x) = δ, z is not in Cδ/2. So
z ∈ K . This is a contradiction since z ∈ A. So the continuum that is within ε of D that does not intersect A also does
not intersect B . Therefore, A ∪ B is a shore set. 
Lemma 8 is used to generalize Illanes’ result using centers.
Theorem 5. If A1,A2, . . . ,An are shore subcontinua of a dendroid D, and there is a center of D that is contained in
at most one Ai , then A1 ∪ A2 ∪ · · · ∪ An is a shore set.
Proof. Without loss of generality, assume A1,A2, . . . ,An are shore subcontinua of D, and x ∈ D \ (A2 ∪ A3 ∪ · · · ∪
An) is a center of D. From Lemma 8 it is seen that if Ai ∩ Aj = ∅, then Ai ∪ Aj is a shore continuum. Therefore,
A1 ∪ A2 ∪ · · · ∪ An can be written as a finite union of disjoint shore continua, and by [2, Theorem 3, p. 489], such a
union is a shore set.
Note that the condition for the center in Theorem 4 is met by any center that is not a shore point, and by Theo-
rem 1 no strong center is a shore point. In [3] it is shown that every dendroid in the plane has a strong center, and in
[1, Theorem 2] that a dendroid with more than one center has a strong center.
Corollary 1. If D is a dendroid that meets any of the following conditions:
(i) D contains more than one center.
(ii) D is in the plane.
(iii) D contains a point that is not a shore point,
then the finite union of shore subcontinua of D is a shore set.
4. Glossary
Continuum. A topological space is a continuum if it is connected, compact, and metric.
Non-unicoherent. A continuum is non-unicoherent if it is the union of two subcontinua whose intersection fails to be
connected.
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Center. A point p in a dendroid D is a center for D if there are two points b and c in D, called basin points, such that
for every ε > 0 there is a continuum C containing p of diameter less than ε, called a bottleneck, and there are open
sets U and V , containing b and c, respectively, called basins, such that every arc from U to V intersects C.
Strong center. A point p in a dendroid D is a strong center if there are open sets U and V such that every arc in D
from U to V contains p.
Shore point. A point p of a dendroid D is a shore point if for every ε > 0 there is a continuum in D \ {p} with
Hausdorff distance from D less than ε.
Shore set. A subset A of a dendroid, D, is a shore set if for every ε > 0 there is a continuum in D \A with Hausdorff
distance from D less than ε.
The arc ab. For two points a and b in a dendroid the unique arc from a to b is denoted ab.
Qx(y). For points x and y in a dendroid D let Qx(y) = {z ∈ D | y ∈ xz}. Note that Qx(y) is the compliment in D of
the arc component of D \ {y} containing x.
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